INTRODUCTION
While the scientific discoveries and mathematical knowledge were moving hand in hand, towards the end of 20 th century there were few mathematically unexplained physical phenomena in Quantum Physics and Quantum Chemistry. These new physical situations could not be faithfully described by the existing mathematical structures and called for more generalized mathematical structures.
It was Enrico Fermi, [3] beginning of chapter VI, p.111 said "..... there are some doubts as to whether the usual concepts of geometry hold for such small region of space." His inspiring doubts on the exact validity of quantum mechanics for the nuclear structure led to the genesis of a The founders of analytic mechanics, such as Lagrange, Hamilton [4] and others classified dynamical systems in to two kinds. First one is the 'Exterior Dynamical system' and the second one is the more complex but generalized 'Interior Dynamical system'.
It was Prof. Santilli who at the Department of Mathematics of Harvard University, for the first time, drew attention of the scientific community towards the crucial distinction between exterior and interior dynamical systems and presented insufficiencies of prevailing mathematical and physical theories by submitting the so-called axiompreserving, nonlinear, nonlocal, and noncanonical isotopies of Lie's theory [5] under the name Lie Isotopic theory. Further generalization as Lie-admissible theory [6, 7] was also achieved by him.
II. DYNAMICAL SYSTEMS Exterior Dynamical Systems:
In this system Point-like particles are moving in a homogeneous and isotropic vacuum with local-differential and potential-canonical equations of motion. These are linear, local, Newtonian Lagrangian and Hamiltonian. Conventional Mathematical structures such as Algebras, Geometries, Analytical Mechanics, Lie Theory can faithfully represent these systems. Interior Dynamical Systems: In this system we consider extended non-spherical deformable particles moving within non-homogeneous anisotropic physical medium. These are non-linear, non-local, non-Newtonian, non-Lagrangian and non-Hamiltonian. The mathematical structures needed to describe these systems are most general possible which are axiom preserving; non-linear and non-local formulations of current mathematical structures. During a talk at the conference Differential Geometric Methods in Mathematical Physics held in Clausthal, Germany, in 1980, Ruggero Maria Santilli submitted new numbers based on certain axiom preserving generalization of the multiplication, today known as isotopic numbers or isonumbers [1] in short. This generalization induced the so-called isotopies of the conventional multiplication with consequential generalization of the multiplicative unit, where the Greek word "isotopy" from the Greek word σ ισò` σ π τ o o " implied the meaning "same topology" [8, 9] . Subsequently, Ruggero Maria Santilli submitted a new conjugation, under the name isoduality which yields an additional class of numbers, today known as isodual isonumbers [1] .
The discovery of isonumbers was made with the specific need of quantitative representation of the transition from Exterior Dynamical Systems to Interior Dynamical System.
It should be quite clear that there can not be new numbers without new fields. This led Santilli to define 'Isofield' which is the first new algebraic structure defined by him. This concept of 'Isofield' further led to a plethora of new isoalgebraic structures and a whole new 'Isomathematics' which is a step further in Modern Mathematics. Subsequently, 'Isomathematics' has grown in to a huge tree with various branches like 'Isofunctional Analysis', 'Isocalculus', 'Isoalgebra', isocryptography etc.
Prof. Santilli attracted great attention from academic community at Chinese Academy of Sciences during a workshop in China on August 23, 1997. Since then Prof Santilli and his associates in various countries around the world have produced numerous papers, monographs, conference proceedings which cover approximately 10,000 pages of research work.
Today Number theory has advanced as an important branch of axiomatized mathematics with highly sophisticated applications in the Modern world of computer science and information technology. After some advances in 19 th century due to Gauss [10] , Abel [11] , Hamilton [4] , Cayley [12] , Galois [13] and others, major important advances were made during 20 th century which included axiomatic formulation, the algebraic number theory [14] .
III. CLASSIFICATION OF ALGEBRAS
The classification of all normed algebras with identity, over reals, in view of the previous studies by Hurwitz [15] , Albert [16] , and N.Jacobson [17] 
(quaternions), and 8 (octonians).
In this comprehensive presentation of the development of 'Isonumber theory' we cover the following important aspects of fundamental importance as formulated by Prof. R. M. Santilli [18] , [1] .
Starting with the definition of 'isounit' and isofield, we present the theory of isonumbers, pseudoisonumbers, "hidden numbers" and their isoduals. Genonumbers, pseudogenonumbers and their isoduals are also of fundamental importance. Resulting iso-algebras have tremendous applications in generalising prevailing concepts in Quantum Physics and Quantum Chemistry.
In his study Santiili has taken into account the four normed algebras over reals as given in the above theorem. The isotopic lifting of these algebras give rise to isotopies of normed algebras with multiplicative unit of dimension 1,2,4 and 8 which includes realization of 'isoreal numbers', 'isocomplex numbers', 'isoquaternions' and 'isooctonions'. Isodualities of these structures give isodual isonumbers.
In a nutshell, the theory of isonumbers is at the foundation of current studies of nonlinear-nonlocalnonhamiltonian systems in nuclear, particle and statistical physics, superconductivity and other fields.
III.

Origin of Isonumbers
The concept of 'Isotopy' plays a vital role in the development of this new age mathematics ref. R.H.Bruck [2] and [19] .
The first and foremost algebraic structure defined by Santilli is 'isofield'. Elements of an isofield are called as 'isonumbers'. The conversion of unit 1 to the isounit 1 is of paramount importance for further development of 'Isomathematics'.
The reader should be aware that there are various definitions of "fields" in the mathematical literature [20] , [21] , [22] and [14] with stronger or weaker conditions depending on the given situation. Often "fields" are assumed to be associative under the multiplication. i.e.
We formally define an isofield [23] , [24] as follows. T is called the isoelement. In the above definitions we have assumed "fields" to be alternative, i.e.
Thus, "isofields" as per above definition are not in general isoassociative, i.e. they generally violate the isoassociative law of the multiplication, i.e.
but rather satisfy isoalternative laws. The specific need to generalize the definition of "number" to 'real numbers', complex numbers, 'quaternions' and 'octonians' suggested the above definition. The resulting new numbers are 'isoreal numbers', isocomplex numbers, 'isoquaternions' and 'isooctonians' respectively, where 'isooctonians' are alternative but not associative.
The 'isofields' ˆˆ= ( , , )
F F a + × are given by elements ˆ, , a b c characterized by one-to-one and invertible maps â a → of the original element a F ∈ equipped with two operations ( , ) + × , the conventional addition + of F and a new multiplication × called "isomultiplication" with corresponding conventional additive unit 0 and a generalized multiplicative unit 1 , called "multiplicative isounit" under which all the axioms of the original field F are preserved.
Santilli has shown that the transition from exterior dynamical system to interior dynamical system can be effectively represented via the isotopy of conventional multiplication of numbers a and b from its simple possible associative form a b × in to the isotopic multiplication, or isomultiplication for short, as introduced in [8] .
The lifting of the product = ab a b × of conventional numbers in to the form Thus, the isonumbers are the generalization of the conventional numbers characterized by the isounit and the isoproduct as defined above.
The liftings â a → , and × → × can be used jointly or individually.
It is important to note that unlike isotopy of multiplication × → × , the lifting of the addition + → + implies general loss of left and right distributive laws. Hence the study of such a lifting is the question of independent mathematical investigation.
The first generalization was introduced by Prof. Santilli when he generalized the real, complex and quaternion numbers [23] , [24] based on the lifting of the unit 1 into isounit 1 as defined above. Resulting numbers are called isorealnumbers, isocomplex numbers and isoquaternion numbers.
In fact, this lifting leads to a variety of algebraic structures which are often used in physics. The following flowchart is self explanatory.
Isonumbers
The isounit is generally assumed to be outside the original field with all the possible compatible conditions imposed on it. For rudiments of isomathematics reader can refer to [1, 6, 7, 25] . 
IV. Iosounits and their Isoduals
Prof. Santilli further, introduced isodual isonumbers [26, 27, 28] by lifting the isounit into the form
The isodual isonumbers were first conceived as characterized by isodual multiplication (4) with respect to the multiplicative isodual isounit
The significance of isonumbers and isodual isonumbers lies in fulfilling the specific physical needs refs [18, 29, 30, 31] as given below;
• In the exterior dynamical system ordinary particles moving in the vacuum are characterized by conventional numbers.
• In the interior dynamical system ordinary particles moving in the physical medium are characterized by isonumbers.
• In the exterior dynamical system ordinary antiparticles moving in vacuum are characterized by isodual numbers.
• In the interior dynamical system the antiparticles moving in the physical medium are characterized by isodual isonumbers. Interpretation of customary characterization of antiparticles via negative-energy solutions of Dirac's equations behave in an un-physical way when interpreted with respect to the same numbers and unit 1 of particles, forcing various hypothetical assumptions and postulates, where as, reinterpretation of antiparticles with same negative energy solutions when interpreted as belonging to the field of isodual numbers behave in a fully physical way ref [1] . This treatment of antiparticles with isodual numbers also leads to intriguing geometrical implications which predict another universe, called as isodual universe, interconnected to our universe via isoduality and identified by the isodualities of Riemannian geometry and their isoduals refs. [31, 24, 32] . Thus, the isodual theory emerged from the identification of negative units in the antiparticle component of the conventional Dirac equation and the reconstruction of the theory with respect to this new negative unit. Hence isoduality provides a mere reinterpretation of Dirac's original notion of antiparticle leaving all numerical predictions of electro-weak interactions essentially unchanged.
In view of the definition of an isofield [1], we can say that an isofield is an additive abelian group equipped with a new unit (called isounit) and isomultiplication defined appropriately so that the resulting structure becomes a field.
If the original field is alternative then the isofield also satisfies weaker isoalternative laws as follows.
We mention two important propositions by Santilli. 
be an isotopy (that is for F to verify all axioms of the original field F) is that T is a non-null element of the original field F .
Proposition 2.2 The lifting (where both the multiplication and the elements are lifted)
constitutes an isotopy even when the multiplicative isounit 1
is not an element of the original field.
The above proposition guarantees the physically fundamental capability of generating Plank's unit ν of quantum mechanics into an integro-differential operator 1 for quantitative treatment of nonlocal interactions [33] .
As the first application of the isotopies of numbers Santilli considers the set
> =< in S
, the set of all purely imaginary numbers. This set is not closed ( . This illustrates an important fact that, even when a given set does not constitute a field, there may exist an isotopy under which it verifies the axioms of a field.
As stated earlier the lifting of + to + does not necessarily produce an isotopy of a given field. This lifting does not preserve the distributivity in the resulting set as stated in the following proposition 2.3. 
Proposition 2.3 The lifting
defined with respect to the "isodual multiplication" and related "isodual unit" 
where c a is the conventional conjugation of F (e.g. complex conjugation) defined in terms of the " isodual isomultiplication"
is given by the image of the original isofield under isodualities (6) and (7) Real numbers constitute a one-dimensional normed associative and commutative algebra (1) U ref. [1] .
Real numbers are realized ref. [8] as a onedimensional real Euclidean space Another characterization of real numbers is defined by the isomorphism of the reals
The basis is given by 1 = e (11) with the norm defined by
and
Isodual Real numbers:
Isodual Real numbers constitute a one-dimensional isodual associative and commutative normed algebra
which is anti-isomorphic to (1) U ref. [1] . Isodual real numbers are the conventional numbers n defined with respect to the isodual unit
The isodual conjugation of real numbers is then written as
Note that, such a sign inversion occurs when the isodual real numbers are projected in the field of conventional real numbers. As a result, all the numerical values change sign under isoduality.
The one-dimensional real isodual Euclidean space
is a straight line, with conventional additive unit 0 , and isodual multiplicative unit [38, 27, 28] .
In the isodual case, the isodual basis is given by
Isoreal numbers:
Isoreal numbers constitute a one-dimensional, isonormed isoassociative and isocommutative isoalgebra
Isoreal numbers are the numbers 
Some of the important remarks are as follows.
•
The conventional Euclidean space ) , , ( 
which is isodual dilation and represents onedimensional isogroup of isodilations (1) G same as the group
(1) G realized with respect to isounit 1 .
Again, the isobasis is given by 1 = e (20) with isonorm defined as;
which is the conventional norm only rescaled to the new unit 1 . We then also have
Isodual Isoreal numbers:
The isodual isoreal numbers are the realization of the one-dimensional isodual, isonormed, isoassociative and isocommutative isoalgebra
. These are the isodual numbers
n n (23) in the isodual isofield ) , , ( 
verifies the axioms 
whose group of isometries is one dimensional Lie Group (2) O , the invariance of the circle. Hence, complex numbers can be represented via fundamental representation of (2) O as follows.
A one-to-one correspondence between complex numbers and points in the Gauss plane can be obtained by following dilative rotations
which preserve all the properties of a field.
Representation of a complex number via matrices has the following form
where
which are well known as the identity and fundamental representation of (2) O .
Norm can also be defined as; 
Also, the identification of basis in terms of matrices is 
Isodual complex numbers:
Isodual complex numbers constitute a twodimensional isodual, normed, associative and commutative algebra (2) 
which preserve all the properties of a field. Isodual transformations form an isodual group
(2) G . Even the one-to-one correspondence between complex numbers and Gauss plane continues under isoduality.
Matrix representation of isodual complex numbers can be defined as
with the isodual unit and isodual representations of
The isodual norm can be defined as
which may be written as (41) and verifies the axioms
The isodual basis in terms of matrices is given by
Isocomplex numbers
Isocomplex numbers constitute a two-dimensional, isonormed, isoassociative and isocommutative isoalgebras over the isoreals
In this case we consider the isofield of isocomplex numbers 
The group of isometries of this space is the Lie group 
Isocomplex numbers also admit following two-bytwo matrix representation. 
where 
. We note that the one-to-one correspondence between complex numbers and Gauss plane is preserved under isotopy. It is important know that the realization of complex numbers as matrices is not unique. The isonorm is defined as 
Isodual isocomplex numbers:
The isodual isocomplex numbers constitute a twodimensional, isodual, isonormed, isoassociative and isocommutative isoalgebras over the isodual isoreals
. Now the isodual isocomplex numbers are defined as
with generic element
Here we need a two-dimensional isodual isoeuclidean space
with basic isoseparation 
Isodual isoguass planes characterizes isodual isofield. Also the isodual isotransformations forms an isodual isogroup
. Isodual isocomplex numbers also admit the following two-by-two matrix representation. 
. Now, the isodual isonorm can be defined as
(64) The isodual isobasis is given by 
where the dilation is represented by 1. The matrix q admits the representation 
The basis is defined by
Isodual quaternions:
Isodual quaternions constitute an isodual fourdimensional, normed associative and noncommutative algebra over the isodual reals
can be represented via the isodual Hermitean Euclidean space two-by-two matrices on
is characterized by the isorepresentations of the Lie-isotopic algebra (2) U S ref. [40, 41, 42] . These can be expressed in terms of the basic isounit
and fundamental representation of (2)
(88) Note that the matrices above satisfy the properties of isotopic image 1  1  2  2  2  2  2  0 1  3 2  2  1 1   1  1  2  2  2  2  2  2 1 2 0 2 31
Note that the set × +, , ( q S is a four dimensional vector space over the isoreals ) , , ( × + n R which is closed under the operation of conventional addition and isomultiplication and hence, is an isofield. Thus,
The isonorm of the isoquaternions is defined as follows
and may be written as 
The isobasis is defined as The isodual isoquaternions constitute a fourdimensional, isodual, isonormed, isoassociative, nonisocommutative isoalgebra over the isodual isoreals n i n n q
Note that the set of all the matrices ) , , (
The isodual isobasis is defined as 
The antiautomorphic conjugation of an octonian is defined as 
It is important to note that Octonions do not constitute a realization of the abstract axioms of a numeric field and, therefore, they do not constitute numbers as conventionally known in mathematics due to the non-associative character of their multiplication (see ref. [1] ).
Isodual octonians:
The isodual octonians constitute an eightdimensional isodual, normed, non-associative, and noncommutative algebra (8) isofields and pseudoisofields respectively. These fields are at the foundation of the Lie-isotopic theory [8, 9, 45] . Also, there exists a third degree of freedom caused by the ordering of the above operations which leads to further generalization of a field which is at the foundation of Lieadmissible algebras [8, 9, 18] .
Given a field It is worthwhile to note that ordering of multiplication is fully compatible with its basic axioms, such as commutativity for real and complex numbers, associativity for quaternions, and alternativity for the octonions. In the case of real and complex numbers we will have
The identity of multiplication from left and right can be different and hence two genomultiplications can very well be different i.e. 
. Also, isodual genofields are defined by the antiautomorphic conjugations
Note that isofields are the particular case of genofields where the genotopic elements coincide. i.e.
). , , ( = ) , , (
R-S mutation of the Lie product: is defined as The Lie-admissible algebras can be generated by two different isotopies of the original associative algebra using left and right isounits with corresponding isotopies as All the above discussion leads to a broadest generalization of the existing theory of numbers through In the further generalization, the multiplicative unit can very well have non-zero negative values. This leads to a new class of numbers called iso-dual Santillian numbers. This further leads to a new kinds of conventional iso-dual numbers called as iso-topic isodual numbers, geno-topic iso-dual numbers and hyper-structural isodual. These numbers have applications for antimatter.
The above generalization of the conventional numbers gives us, in all, eleven classes of new numbers namely, the iso-topic numbers, genotopic to the right and left, right and left hyper-structural numbers, iso-dual conventional numbers, iso-dual iso-topic numbers, iso-dual geno-topic to the right and left numbers and hyper-structural iso-dual to the right and left numbers. Each class is applicable to the real, complex and quaternion numbers where each of the applications have infinite number of possible units.
Applications and advances
Quantum mechanics was sufficient to deal with 'Exterior Dynamical systems' which are liner, local, lagrangian and hamiltonian. The main purpose of formulating the new generalized mathematics was to deal with the insufficiencies in the modern mathematics to describe 'Interior Dynamical systems' which are intrinsically non-linear, nonlocal, non-hamiltonian and non-lagrangian. The axiompreserving generalization of quantum mechanics which can also deal with non-linear, non-local non-hamiltonian and nonlagrangian systems is called the Hadronic mechanics. The mechanics; built specifically to deal with 'hadrons' (strongly interacting particles) ref. [18] . Prof. Santilli, in 1978 when at Harvard University, proposed 'Hadronic mechanics' under the support from U. S. Department of Energy, which was subsequently studied by number of mathematicians, theoreticians and experimentalists. Hadronic mechanics is directly universal; that is, capable of representing all possible nonlinear, nonlocal, nonhamiltonian, continuous or discrete, inhomogeneous and anisotropic systems (universality), directly in the frame of the experimenter (direct universality). In particular the hadronic mechanics has shown that quantum mechanics is completely inapplicable to the synthesis of neutron [46] , as mass of the neutron is greater than the sum of the masses of proton and electron (called "mass defect") of which it is made. In this case quantum equations are completely inconsistent. Hadronic mechanics has achieved numerically exact results in the cases in which quantum mechanics results are not valid. For further details of isonumber theory we recommend refs. [47, 1, 48, 46, 49] .
As far as mathematics is concerned, one of the major applications of isonumber theory is in Cryptography, ref. [50] . Cryptograms can be lifted to iso-cryptograms which render highest security for a given crypto-system. Isonumbers, hypernumbers and their pseudo-formulations can be used effectively for the tightest security via new disciplines, isocryptology, genocryptology, hypercryptology, pseudocryptology etc. More complex cryptograms can be achieved using pseudocryptograms in which we have the additional hidden selection of addition and multiplication to the left and those to the right whose results are generally different among themselves. Yet more complex pseudocryptograms can be achieved in which the result of each individual operations of addition and multiplication is given by a set of numbers [50] . Santillian iso-crypto systems have maximum security due to a large variety of isounits which can be changed automatically and continuously, achieving maximum possible security needed for the modern age banking and other systems related with information technology.
Reformulations of conventional numbers to the most generalized isonumbers and subsequently to genonumbers and hypernumbers led to a vast variety of parallel developments in the conventional mathematics including hyperstructures [51] and its various branches such as 'iso-functional analysis' ref [35] , iso-calculus ref [52] , iso-cryptography [50] etc.
Iso-Galois fields [53] , Iso-permutation groups [54, 53] have been defined by this author, which can play an important role in cryptography and other branches of mathematics where finite fields are used. Investigations are underway.
Isomathematics can also explain complex biological structures and hence has applications in Fractal geometry. Further applications in Neuroscience and Genetics can provide new insight in these disciplines.
